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Abstract. In this paper we study the asymptotic normality of the normalized 
partial sum of a Hilbert-space valued strictly stationary random held satisfying the 
interlaced //-mixing condition. 



1. Introduction 



In the literature about Hilb ert-valued random sequences u n der mixing cond i- 
tion s, progress has been made by Mal'tsev and Ostrovskiil dl982h . Merlevede < (2003). 



and Merlevede. Peligrad. and Utevl (|l997l ). Dedecker and Merlevede! (j2002t estab 



lished a central limit theorem and its weak invariance principle for Hilbert-valued 
strictly stationary sequences under a projective criterion. In this way, they recov- 
ered the special case of Hilbert-valued martingale difference sequences, and under 
a strong mixing condition involving the whole past of the process and just one 
future observation at a time, they g ave the no nergodic ve r sion o f the result of 
Merlevede. Peligrad. and Utev ( 1997 ). Later on, iMerleved c (2003) proved a cen- 



tral limit theorem for a Hilbert-space valued strictly stationary, strongly mixing 
sequence, where the mixing coefficients involve the whole past of the process and 
just two future observations at a time, by using the Bernstein blocking technique 
and approximations by martingale differences. 

This paper will present a central limit theorem for strictly stationary Hilbert- 
space valued random fields satisfying the //-mixing condition. We proceed by prov- 
ing in Theorem 13.11 a central limit theorem for a //-mixing strictly stationary ran- 
dom field of real-valued random variables, by the use of the Bernstein blocking 
technique. Next, in Theorem 13.21 we extend the real- valued case to a random field 
of m-dimcnsional random vectors, m > 1, satisfying the same mixing condition. 
Finally, being able to prove the tightness condition in Theorem 13.31 we extend the 
finite-dimensional case even further to a (infinite-dimensional) Hilbert space- valued 
strictly stationary random field in the presence of the //-mixing condition. 
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2. Preliminary Material 

For the clarity of the proofs of the three theorems mentioned above, relevant 
definitions, notations and basic background information will be given first. 

Let (CI, JF, P) be a probability space. Suppose H is a separable real Hilbert space 
with inner product (•,•) and norm || • \\h- Let H be the cr-field generated by the 
class of all open subsets of H. Let {efc}fc>i be an orthonormal basis for the Hilbert 
space H. Then for every x £ H , we denote by Xk the kth coordinate of x, defined 
by Xk = (x, e/c), k > 1. Also, for every x g H and every N > 1 we set 



For any given H- valued random variable X with EX = Oh and < oo, 

represent X by 

oc 

X = £ Afeefe, 

k=l 

where X\ , X2 , X% .... are real- valued random variables having EXk = and EX\ < 
00, Vfc > 1 (in fact, YlkLi EXj: = E\\X\\ H < 00). Then the "covariance operator" 
(defined relative to the given orthonormal basis) for the (centered) iJ-valued ran- 
dom variable X can be thought of as represented by the N x N "covariance matrix" 
£ := ((Jij,i > l,j> 1), where := EX^Xj. 

Lemma 2.1. Let Vo be a class of probability measures on (H,H) satisfying the 
following conditions: 



sup f ritodPix) < 00, and 
D ev Jh 

lim sup / r 2 N (x)dP(x) = 0. 



Then Vo is tight. 

For the proof of the lemma, see lLaha and Rohatg Theorem 7.5.1. 



For any two cr-fields A, B C J 7 , define now the strong mixing coefficient 

a(A,B):= sup \P(A n B) - P(A)P(B)\, 
AeA.BeB 

and the maximal coefficient of correlation 

p(A,B) := sup\Corr(f,g)\, f € L 2 leal (A), g € L 2 leal (B). 

Suppose d is a positive integer and X :— (Xk-, k £ Z d ) is a strictly stationary random 
field. In this context, for each positive integer n, define the following quantity: 

a(n) :— a(X, n) := sup a(a(Xk, k £ Q), a(X}~, k £ S)), 

where the supremum is taken over all pairs of nonempty, disjoint sets Q, S C Z d 
with the following property: There exist u £ {1,2,. . . , 0?} and j £ Z such that 
Q C {k := (fci,fc 2 ,...,fed) £ Z d : k u < j} and S C {k := (k u k 2 , . . . , k d ) £ Z d : 
k u > j + n}. 

The random field X := (Xk-,k £ Z d ) is said to be "strongly mixing" (or "a- 
mixing") if a(n) H-Oasn-ioo. 
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Also, for each positive integer n, define the following quantity: 

p'(n) :=p'{X,n) := sup p(a(X k , k G Q),a(X k ,k G S)), 

where the supremum is taken over all pairs of nonempty, finite disjoint sets Q, 
S C Z d with the following property: There exist u G {1, 2, . . . , d} and nonempty 
disjoint sets A, B c Z, with dist(A,B) := mhi al zA,beB \a — b\ > n such that Q C 
{k := (k 1 ,k 2 ,...,k d ) eZ^^ei} andSc {k := (k x , k 2 , . . . , k d ) G Z d : fc M G B}. 

The random field X := (Xk, k G Z d ) is said to be "p'-mixing" if p'(n) — > as 
n — > oo. 

Again, suppose d is a positive integer, and suppose X := {X k ,k G Z d ) is a 
strictly stationary Hilbert-space random field. Elements of N d will be denoted by 
L := (Li, L,2, ■ ■ ■ , Ld). For any L G N d , define the "rectangular sum": 



S L = S(X,L) :=yX, 



k 



where the sum is taken over all d-tuples k :— [k\, fei • • • j kd) G N d such that 1 < 
k u < L u for all u G {1,2,..., d}. Thus S^A, L) is the sum of L\ ■ L% ■ . . . ■ of the 
X' k s. 

Proposition 2.2. Suppose d is a positive integer. 

(I) Suppose (a(k), k G N d ) is an array of real (or complex) numbers and b is 
a real (or complex) number. Suppose that for every u G {l,2,...,d} and every 
sequence {L^ n \ n G N) o/ elements of W l such that = n for all n > 1, and 

Ly 1 ^ — y oo as n — > oo, V l! G {1, 2, . . . , d} \ {u}, one has that lim„_ ! . 00 a (L^) = b. 
Then a(L) — > b as min{Li, L 2 , ■ ■ ■ , Ld} — > oo. 

(II) Suppose (p(k), k G N d ) is an array of probability measures on (S,S), where 
(S, d) is a complete separable metric space and S is the a-field on S generated 
by the open balls in S in the given metric d. Suppose is is a probability measure 
on (S,S) and that for every u G {l,2,...,d} and every sequence [L^ n \ n G N) 
of elements of N d such that L« = n for all n > 1, and -* oo as n -) 
oo ; V v G {1,2, ...,d} \ {u}, one has that p(L^ n ^ =>■ v. Then p(L) v as 
min{ii,L 2 , . . . ,L d } oo. 

Let us specify that the proof of this proposition follows exactly the proof given 
in iBradlevT ( 2007 ) . A2906 Proposition (parts (I) and (III)) with just a small, in- 



significant change. 

For each n > 1 and each A G [— 7r, 7t], define now the Fejer kernel, K n _i(A) by: 

2 



n-1 



sin 2 (nA/2) 

nsin 2 (A/2)' 1 ' ' 



Elements of [— 7r,7r] d will be denoted by A := (Ai, A 2 , . . . , A^). For each L E N d 
define the "multivariate Fejer kernel" Gl ■ [— Tr,Tr] d — > [0, oo) by: 

d 

G L (X) '■= ifi„-i(A„). (2.2) 



u=l 



Also, on the "cube" [— 7r,7r] d , let m denote "normalized Lebesque measure" 
m := Lebesque measure/(27r) d . 
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Lemma 2.3. Suppose d is a positive integer. Suppose f : [— 7r,7r] d — > C is a 
continuous function. Then 

Gl{X) ■ f(X)dm(X) ->• /(0) as min{Li, L 2 , . . . , L d } -> oo. 

J Ae[-7r,7r] d 



Let us mention that Lemma 12.31 is a special case of the multivariate Fejer theo- 
rem, where the function / is a periodic funct ion with perio d 2ir in every coordinate. 



For a proof of the one dimensional case, see iRudinl (| 19 741) . Theorem 8.15. 



Further notations will be introduced and used throughout the entire paper. 
If a n £ (0, oo) and b n £ (0, oo) for all n £ N sufficiently large, the notation a n <C b n 
means that limsup,^^ a n /b n < oo. 

If a n £ (0, oo) and b n £ (0, oo) for all n £ N sufficiently large, the notation a n < b n 
means that limsupn^^ a n /b n < 1. 

If a n £ (0, oo) and b n £ (0, oo) for all n £ N sufficiently large, the notation a n ~ b n 
means that lim„_ i . 00 a n /b n = 1. 



3. Central Limit Theorems 

In this section we introduce two limit theorems that help us build up the main 
result, presented also in this section, as Theorem 13.31 



Theorem 3.1. Suppose d is a positive integer. Suppose also that X := [Xk, k £ Z d ) 
is a strictly stationary p' -mixing random field with the random variables Xk being 
real-valued such that EXq = and EXq < oo. 

Then the following two statements hold: 

(I) The quantity 

a 1 := lim ^— - — ■ — exists in [0, oo), and 

(II) As mm{Li,L 2 ,...,L d ,} oo, {L x ■ L 2 ■ . . . ■ L d )~ 1 t 2 S{X, L) N{0,a 2 ). (Here 
and throughout the paper denotes convergence in distribution.) 

Proof. The proof of the theorem has resemblance to arguments in earlier p apers in- 
volvin g the /0*-mix i ng co ndition and similar properties as Theorem 13 . 1 1 f see iBradlevI 
(|l992t) and iMillerl l| 19941) ). The proof will be written out for the case d > 2 since 



it is essentially the same for the case d = 1, but the notations for the general case 
d > 2 are more complicated. 

Proof of (I). Our task is to show that there exists a number a 2 £ [0, oo) such 
that 

lim =gg . (3.1) 

{L 1 ,L 2 ,...,Ld}->ao L\ ■ L 2 ■ ■ ■ ■ ■ Ld 



mm 



For a given strictly stationary random field X :— (Xf., k £ Z d ^j with mean zero and 
fini te second mom ents, if p'(n) — ¥ as n — > oo then £( n ) — > as n — > oo. Hence, 
bv IBradlevI (|2007l ) (Remark 29.4(V)(ii) and Remark 28.11(iii)(iv)), the random 
field X has exactly one continuous spectral density function, a 2 := /(l, 1, . . . , 1), 
where / : [— %, ir] d [0, oo), and in addition, it is periodic with period 2ir in every 
coordinate. In the following, by basic computations we compute the quantity given 
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in (|3.ip . First we obtain that: 



E\S(X,L)\ 2 = E 



Li L d 

22 ... 2J -X"(*i,...,fc d ) 

fci=l k d = l 
' Li Ld \ / Li L d \ 

£■■•£) E-E £ %, 

\fc 1= l fed=l/ Mi=l !<j=l/ 



(3.2) 



,fc d )^(ii,...,i d )- 



We subs titute the last t erm in the right-hand side of (|3.2[) by the following expres- 
sion (see lBradlevI (|2007t) . Section 0.19): 



(2tt 



^ E-E E-E 



Vfei=l k d = l/ \ii = l l d = l/ 



Al= — 7T J \ d = — TT 



e i{{ki-h)\x+..Mkd-i d )x d )f{ e i\ x e iXd )d\ d ...d\ 1 
Vki=iJi=i fc d =i; d =i / 



(3.3) 



By (12. lj) . the right-hand side of (|3.3j) becomes 
1 



(271")^ Al = -7T J\ d = -TT 

sin 2 (LiAi/2) sin 2 (L d A d /2) 



sin 2 (Ai/2) 
1 



/(e lAl ,...,e^)- 

dAd . . . (iAi 



sin 2 (A d /2) 



(3.4) 



(27T) 



Ai — — 7T ^ Xd — — T 



/(e ,Al ,...,e* A ") 



• (ii • ... • ■ G L (Ai, . . .,X d )dX d . ..dXi, 
therefore, by (|3.2j) . (|3.4j) and the application of Lemma T2.31 we obtain that 
ES 2 (X,L) _ ,. 1 



lim 

min{Li , . ..,Ld}— ^oo Z/l 



lim , . 

Ld min{Li,...,L d }->oo (2n) J Al= _ 7r 



Gl(Ai, . . . , Xd) 



A d = -7T 



/(e iAl ,... ) e* A *)dA d ...dA 1 



= /(!,- •■,!). 

Hence, we can conclude that there exists a number a 2 := /(1,...,1) in [0,oo) 
satisfying (|3.1I) . This completes the proof of part (I). 

Proof of (II). Refer now to Proposition ^. 2l from Section[5] Let u £ {1,2, ... ,d} 
be arbitrary but fixed. Let L^ x \ L^ 2 \ L^ 3 \ . . . be an arbitrary fixed sequence of 
elements of N d such that for each n > 1, = n and Lt, — > oo as n — > oo, V 
i> € {1, 2, . . . , d} \ {u}. It suffices to show that 



S(X,L^) 



fin) . 



(n) 



7V(0, a 2 ) as n -> oo. 



(3.5) 
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With no loss of generality, we can permute the indices in the coordinate system of 
1 d , in order to have u = 1, and as a consequence, we have: 

L[ n) = n for n > 1, and L^' -> oo as n -> oo, V u G {2, . . . , d}. (3.6) 
Thus for each n > 1, let us represent L^"' := (n, j -^3 > ■ • • > -^i™^ ) ■ We assume 



a ^ A rp, „ „„„„ a 



from now on, throughout the rest of the proof that a > 0. The case a = holds 
trivially by an application of Chebyshev Inequality. 

Step 1. A common technique used in proving central limit theorems for random 
fields satisfying strong mixing conditions is the truncation argument whose effect 
makes the partial sum of the bounded random variables converge weakly to a normal 
distribution while the tails are negligible. To achieve this, for each integer n > 1, 
define the (finite) positive number 

[l^.L^.....L^) X '\ (3.7) 

c n — > oo as n — >• oo. (3-8) 
For each n > 1, wc define the strictly stationary random field of bounded variables 



X (n) ._ M») (jfe £ Z dj 



as follows: 



Vfe G Z d , A^ n) := A fc /(|A fc | < c„) - £AV(|X | < c). (3.9) 
Hence, by simple computations we obtain that Vn > 1, 

£X^ n) = and VarX^ = E (x^Y < EX% < oo. (3.10) 



We easily also obtain that V n > 1 , 



in) 



< 2c„ and X ( n) ^ < \\X \\ 2 . (3.11) 

Next for n > 1, wc define the strictly stationary random field of the tails of the 
X k % k G Z d , := [x ( k n \ke Z d ) as follows (recall and the assumption 

EX a = 0): 

Vfc G Z d , A< n) := A fe - X< n) = X k I(\X k \ > c„) - EX I(\X \ > c„). (3.12) 
As in p. 121) . we similarly obtain by the dominated convergence theorem that 

Vn > 1, EX { n) = and E (x^ n) ) -> as n -> oo. (3.13) 



Note that S(X,LW) := T, k x k = Ek^fc + Ek ^k™\ where a11 the sums are 
taken over all d-tuples fe := (fci, k 2 , ■ ■ ■ , fed) G N d such that 1 < fe u < L u for all it G 
{1,2, ... ,d}. Also, throughout the paper, unless specified, the notation J2k wm 
mean that the sum is taken over the same set of indices as above. 

Step 2 (Parameters). For each n > 1, define the positive integer q n := [n 1 / 4 ], 
the greatest integer < n 1 / 4 . Then it follows that 

q n — > oo as n — > oo. (3-14) 

Recall that p'(X, n) — > as n — > oo. As a consequence, we have the following two 
properties: 

a(X, n) — > as n — > oo, and also (3.15) 
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there exists a positive integer j such that p'(X,j) < 1. (3.16) 

Let such a j henceforth be fixed for the rest of the proof. By (|3.15[) and (|3 . 14[) , 

a(X, q n ) -}0asn->oo. (3-17) 

With [x] denoting the greatest integer < x, define the positive integers m n , n > 1 
as follows: 

m„ := [minlfo.n 1 / 10 ^- 1 / 6 ^,^)}] . (3.18) 
By the equations (|3.18p . (|3.14l) , and (I3.17[) , we obtain the following properties: 

m n — > oo as n — > oo, (3.19) 
m n < Qn f° r au n > 1) (3.20) 

— — > as n — > oo, and (3.21) 

n 

m n a(X, q n ) — > as n — > oo. (3.22) 
For each n > 1, let p n be the integer such that 

m n (p n - 1 + q n ) < n < m n {p n + q n ). (3.23) 
Hence we also have that 

p n — > oo as n — ¥ oo and m n p n ~ n. (3.24) 

Step 3 (The "Blocks"). In the following we decompose the partial sum of the 
bounded random variables X^ 1 , k e 7L d into "big blocks" separated in between by 
"small blocks" . The "lengths" of both the big blocks and the small blocks, p n and 
q n respectively, have to "blow up" much faster than the (equal) numbers of big and 
small blocks, m n (in addition to the fact that the "lengths of the "big blocks" need 
to "blow up" much faster than the "lengths" of the "small blocks" ) . This explains 
the way the positive integers m n , n > 1 were defined in p,18|) . Referring to the 
definition of the random var iablesX^ in (031), for any n > 1 and any two positive 
integers v < w, define the random variable 

Y^(v,w):=J2 X k n \ (3-25) 
fc 

where the sum is taken over all k := (hi, &2, . . . , fed) € N d such that v < k% < w and 
1 < k u < L { u ] for all u £ {2, ... , d}. Notice that for each n > 1, S (X (n \L^) 



Y^(l,n). Referring to (|3. 251) . for each n > 1, define the random variables 



(n) 

and V fc , as follows: 

Vfce{l,2,...,m„}, U { k n) :=Y^((k-l)(p n + q n ) + l,kp n + (k-l)q n ); 
("big blocks") 

V k e {1, 2, . . . , m n - 1}, Vt n) := (fep„ + (k - l)q n + 1, k(p n + q n )); (3.27) 
("small blocks"), and 

KS? : = ^'"VnPn + K - l)fe + 1, n). (3.28) 
Note that by (|3.20|) and the first inequality in (13.23^ . for n > 1, 

m n p n + (m n - l)q n + 1 < m„p„ + m n q n — m n + 1 < n. 
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By (ED , (H2SD, (13~2T1) . and (13~m 

rr. 

Vn>i, S- L< n >) = X>f } +X>* 



(n) 



(3.29) 



fe=i 



fc=i 



Step 4 (Negligibility of the "small blocks"). Note that by (|3~2"7|) and (|3~2"51) . 



Sfc!^i ^fc™^ i s the sum of at most m„ ■ q n ■ L 

ables Therefore, by ([3TTB1) and IBradlevI (|2007l) . Theorem 28.10(1), for any 

n > 1, the following holds: 



(n) 
2 



• Lj"' of the random vari- 



E 



k=l 



(n) 



< C ( m„ • q n ■ 



L 



(n) 



EX, 



(3.30) 



where C := j d (1 + p'(X,j)) d / (1 — p'(X,j)) d , and as a consequence, by (|3.21|) and 
(|3.10[) , we obtain that 



E 



Em„ T/ (n) 
fe=l v fe 



r ( n ) r (™) 



< 



C{m n q n )E (X^' 



— > as n — » oo. 



(3.31) 



Hence, the "small blocks" are negligible: 

Em„ T/ (n) 
fc=l "fa 



r ( ra ) r (") 

u\l n ■ L 2 ■ . . . ■ L d 



in probability as n — > oo. 



(3.32) 



By an obvious analog of (|3.31|) . followed by (|3.13|) . for each n > 1, we obtain that 



cr\/?i • L^' ■ ... ■ L d 



in) 



in probability as n — > oo. 



(3.33) 



Step 5 (Application of the Lyapounov CLT). For a given n > 1, by the definition 
of [/£ in (|3 . 26f) and the strict stationarity of the random held iW, the ran- 
dom variables f/{ n \ t/j , • • • i ^«"2 are identically distributed. For each n > 1, let 
f/j"', t r 2™\ ■ • ■ , f/m^ be independent, identically distributed random variables whose 
common distribution is the same as that of U{ . Hence, since Vn> l,EXf> = 0, 
we have the following: 

Eu[ n) = EU[ n) = and Var 



\k=l 



K ' 1 = m 



n E (u[ n) ) 2 =m n E (u[ n) ) 



By (|3.16j) . we can refer to IBradlevI (|2007l ). Theorem 29.30, a result which gives 
us a Rosenthal inequality for p'-mixing random fields. Also, using the fact that 

EXJ\ ~ a 2 (p n ■ L 2 n) ■ . . . • L ( d n) ^j (see (pTT]i). together with the equations pjT]) . 
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(|3.10l) , and assuming without loss of generality that EXq < 1, the following holds: 



ElUi 



(n) 



m n {EUlY 



< 



C R \Pn-L 



{n) 



X, 



in) 



I Pn Ll 2 



■ EXl 



n 2 _4 ( T (") 



L 



in) 



< 



16^4 ■ - ■ 4" } ) Cnpl (l<"> ■ . . . ■ 4 m) 



(4 n) 



„2 ( T (™) 



L 



(») 



< 



16C fl | C R 
m n p n a 4 m n cr 4 



Oasn^ooby ([3~24"| and ([3J9]) . 



(3.34) 

Since U± — Lf[ is the sum of p n ■ • -E^ random variables X^, applying 
an obvious analog of (|3.30|) , followed by (|3.1[) and f|3 . 13|) , we have that asmoo, 



E[U X - U{ 



(«: 



< 



C Pn [L^ 



■ ) E I X 



-(«) 



',(n) 



Pn [L K 2 



■ L 



<»>) o> 



As a consequence, after an application of Minkowski Inequality to the quantity 



\Ui\ 



(n) 



|| 2, we have that 

E(u[ n) ) 2 ~EUl 
Hence, by (|3.34p and (|3.35[) . the following holds: 



(3.35) 



E 



n (E(u^y 



m n (EU( 



2\2 



— > as n — > oo. 



Therefore, due to Lyapounov CLT (see Billingslev ( 19951) . Theorem 27.3), it follows 
that 



(n) 



E^ 

fe=i 



(„) 



N(0, 1) as n — > oo. 



(3.36) 



Step 6. As in lBradlevI (|2007l) . Theorem 29.32, we similarly obtain by (|3~25l) . (pT26|) 
and (|3.22p that as n — > oo, 

Tn n — 1 ni n — 1 

£ a (a (uf \l < j < k) ,cr(ui%)) < ]T a (x^,q n ) < m n a(X,q n ) 0. 



fc=i 



fe=i 



Hence, by ([336]) and bv lBradlevI (|2007l ). Theorem 25.56, the following holds: 



r 7fl n \ 

E / G 



v.fc=l 



(n) 



iV(0, 1) as n — > oo. 



Refer to the first sentence of Step 5. For each n > 1, 
/m„ \ 2 

*E^ 



m n — 1 m 7J 



(3.37) 



(3.38) 



fc=i j=fc+i 
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Using similar arguments as in iBradlevI (|2007l ). Theorem 29.31 (Step 9), followed 



by (JED and (|Q5|) . and (021, E (u[ n) } / \E {u[ n) ^ J -► CV<x 4 
Hence we obtain that < E (Up>) .As a consequence, by (|3.38[) 



asn-)oo. 



E^' 

fe=i 



(n) 



1/2 



(3.39) 



Applying an obvious analog of (1X301 for S [iW, Z>) J := 5 (X, LW)-S (l'"', iW) , 
followed by (|3.1|) and (|3.13[) . the following holds: 

B (5 (jfW , LW) ) 2 IE[S (X, LW) ) 2 < CB (l> 3 ) 2 /a 2 -> as n 



Using Minkowski Inequality for | (X, I< n )) || 2 - ||S (xW.iW) || 2 | / ||S (X, L 
by (|HT^D|> it follows that 



00. 

(3.40) 
WW 



(3.41) 



Now apply again Minkowski Inequality for 



fe=i 



(n) 



and by the formulation of S (iW, LW) given in (pT29]l . followed by (pOD]) . (f3739|) . 
(gllD and by (|3~2T|) . we obtain that 



E^' 

fc=i 



(3.42) 



Hence, by (|5J3Jj) and (JSHJ), 



S 



1/2 



As a consequence, by (|3.37p and the fact that \\S (A, L( n )) || 2 ~ ay n ■ • • • • • L d n 
(see (13. ip ). it follows the following: 



Em n T An) 
fe=i ^fc 



u\ n ■ L 



(n) 



(n) 



A(0, 1) as n 00. 



(3.43) 



Step 7. Refer to the definition of 5" (X^ n \ !>)) given in pT29|) . By (f3T32]) and 
(|3T35)) . followed by IBradlevI (l2007h . Theorem 0.6, we obtain the following weak 



convergence: 



S(X {n \LW) 
<rJn-L<? ) -...-L < ? ) 



N(0, 1) as n — > 00. 



(3.44) 



J i ■ ■ ■ 

Refer now to the definition of S (X, LW) gi ven just after (|3.13[) . By another ap- 
plication of Theorem 0.6 from IBradlevI (j2007l) for ([333f and (pH4"l) . we obtain that 
p.5p holds, and hence, the proof of (II) is complete. Moreover, the proof of the 
theorem is complete. □ 
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Theorem 3.2. Suppose d and to are each a positive integer. Suppose X := (Xfc, k € 
Z d ) is a strictly stationary p' -mixing random field with X^ ■= (Xki, Xk2> • ■ • , X^m) 
being (for each k) an m- dimensional random vector such that Vi € {1, 2, • • • , m}, 
Xki is a real-valued random variable with EXki = and EX^ < oo. 
Then the following statements hold: 

(I) For any i £ {1, 2, . . . , m}, the quantity 

an = lim — ! — exists in [0, oo), 

mm{Li,L2,...,Ld}— >oo L\ • L2 ' • • ■ ' Lid 

where for each L £ N d and each i £ {1, 2, . . . , to}, 

fe 

with the sum being taken over all k := (hi, ki, ■ ■ ■ , kj) G N d such that 1 < k u < L u 
for all u £ {1,2, ... ,d}. 

(II) Also, for any two distinct elements i, j £ {1, 2, . . . , to}, 

7(1, j) = lim — - L ' 1 exists in [0, 00). 

min{L\ ,L2 , . . .,Ld }— >oc L\ ' I>2 ' ■ • • ' I'd 

(III) Furthermore, as min{Li, L%, . . . , Ld} — > 00, 

S(X,L) ^ 0m>E)) where 

\J L\ ■ L 2 ■ ■ ■ ■ ■ Ld 

T, := (cry, 1 < i < j < to) is f/ie to x to covariance matrix defined by (3.46) 

1 

2 ( 

wit/i (Tjj and "f{i,j) defined in part (I), respectively in part (II). 

(The fact that the matrix S in (III) is symmetric and nonnegative definite (and can 

therefore be a covariance matrix), is part of the conclusion of (III).) 

P roof. A dista nt resemblance to this theorem is a bivariate central limit theorem 
of iMillerl (| 19951) . The proof of Theorem 13.21 will be divided in the following parts: 
Proof of (I) and (II). Since an, respectively exist by Theorem 13. If I), 

parts (I) and (II) hold. 

Proof of (III). For the clarity of the proof, the strategy used to prove this part 
is the following: 

(i) It will be shown that the matrix S defined in part (III) is symmetric and non- 
negative definite. 

(ii) One will then let Y := (li, Y2, ■ • ■ ,Y m ) be a centered normal random vector 
with covariance matrix E, and the task will be to show that 

S(X L) 

^ Y as mm{L 1 ,L 2 , . . . ,L d } -> 00. (3.48) 



for i ^ j, aij = -(an + ajj - j(i,j)), (3.47) 



\JL\ ■ L2 ■ ■ ■ ■ ■ Ld 

(iii) T o accomplish that, by the Cramer- Wold Device Theorem (see Billingslevl 
(jl995l ). Theorem 29.4) it suffices to show that for an arbitrary t £ R m , 

Sl 

t ■ —^^^=^^^= =>• t ■ Y as min{Li, L%, . . . , Ld} — > 00, (3.49) 
\/L\ ■ L2 ■ . ■ . ■ Ld 

where "•" denotes the scalar product. 
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Let us first show (i). In order to achieve this task, let us introduce EJW := 
(&ij J ^ , 1 < i < 3 < to be the m x m covariance matrix defined by 

og = /•:.S/ .,S/ .., = ^ (SS^ + ESlj - E(S L ,i - 5 Lj ) 2 ). (3.50) 
Note that = ES\ i for i G {1, 2, . . . , m}. Our main goal is to prove that 

lim = E (defined in (pTigjl ). (3.51) 

min{£i,L 2 ,...,i,j}->oo L\ ■ L 2 ■ ■ ■ ■ ■ Ld 

It actually suffices to show that 

lim — ^ r = ffij ) Vl<i<i<m. (3.52) 

{Li,L 2 ,...,Ld}->-oo L\ ■ L 2 ■ . . . ■ Ld 



mm 



By the definition of given in (|3.50l) . followed by the distribution of the limit 
(each of the limits exist by Theorem 13.21 parts (I) and (II)), the left-hand side of 
(|3.52p becomes: 



\ . ST r lim T x t—t^ — r [ ES h + ES h - E - s ^f 

Z min{Li,L2,...,-£/ d }— >oo Li\ ■ L/2 ' • • • ' J-^d > 



Let us recall that each of these limits exist by Theorem 13.21 parts (I) and (II). 
Hence, ([3~52]) holds. As a consequence, (j3.51j) also holds. 

In the following, one should mention that since E^) is the m x m covariance 
matrix of S^^, one has that E' £ ' is symmetric and nonnegative definite. That is, 
Vr := (r 1 ,r 2 ,...,r m ) G R m , rE( L V > 0. Therefore, Vr G K"\ r(Za ■ L 2 ■ . . . • 
id) _1 S^ L V > 0, and moreover, 

Vrel™ r( lim (£1 • L 2 • ■ • • • L d )- X E W ) r' > 0. 

Ymin{Li,L 2 ,...,L ci }— !-oo y 

By (|3.5ip . we get that Vr G K m , rEr > 0, and hence, E is also symmetric (trivially 
by (13.5ip ) and nonnegative definite. Hence, there exists a centered normal random 
vector Y := {Y\, Y 2 , ■ ■ . , i^n) whose covariance matrix is E, and therefore, the proof 
of (i) is complete. 

(ii) Let us now take Y := (Yi,Y 2 , . . . , Y m ) be a centered normal random vector 
with covariance matrix E, defined in (|3.46p . As we mentioned above, the task now 
is to show that (13.48P holds. In order to accomplish this task, by part (iii), one 
would need to show (|3.49p . 

(iii) So, let t :— (ti, t 2 , . . . , t m ) be an arbitrary fixed element of M. m . We can 
notice now that 

m 

t- S L = ^2US Lli , where S Lli is defined in (EHS]) . (3.53) 

i=i 

We can also notice that t ■ X\ , t ■ X 2 , ... is a strictly stationary //-mixing random 
sequence with real- valued random variables that satisfy E(t-X\) = t ■ EX\ — 
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t ■ m — 0, and E (t ■ Xi) 2 < oo. For these random variables we can apply Theorem 



13.11 Therefore, we obtain that as min{Li, Li, ■ • ■ , Ld} — > oo, 

t ■ f L => N(0, a 2 ), (3.54) 

where 

Iim - E f- S rf . (3.55) 

min{Li,L2,...,-Ld}->oo L\ ■ Li ■ . . . ■ Ld 

Moreover, by (|3T53|) . (j3~50| . and (j3~5T|) . (|3T55|) becomes: 



,2 



cr 



lim 



2 



min{Li,L2,... : L ( i}-^oo L\ • Li 

1 




(3.56) 



l<i<j<m 

= f | lim — ) t' = tEi 

^min{Li,L2,...,Ld}— ^oo -Li • Li 

By (|3.54l) and (I3.56p . one can conclude that 

t ■ = iV (o, tEt) as min{Li, L 2 , • • • , L d } oo. (3.57) 

\JL\ ■ Li ■ . . . ■ L d \ / 

Also, since the random vector Y is centered normal with covariance matrix S, one 

has that t-Y is a normal random variable with mean and variance (lxl covariance 

matrix) tT,t . Hence, by (|3~57| . (|3~49f holds, therefore ([3748]) holds. This completes 

the proof of Theorem 13.21 □ 

Theorem 3.3. Suppose H is a separable real Hilbert space, with inner product 
(•, •) and norm || • ||#. Suppose X :— (Xk, k £ Z d ) is a strictly stationary p' -mixing 
random field with the random variables Xk being H-valued, such that 

EX = Oh and (3.58) 

E\\X \\ 2 H < oo. (3.59) 

Suppose {ei}i>i is an orthonormal basis of H and that Xki '■= (Xk,ei) for each 
pair (k, i). 

Then the following statements hold: 

(I) For each i £ N, the quantity 

ES^ i 

an = lim — = '■ — exists in [0,oo), where 

min{L 1 ,L 2 ,...,L d }^oo L\ ■ Li ■ . . . ■ Ld 

SL,i '■= Xki, the sum being taken over all k :— (ki, . . . , kd) € N d (3.60) 

k 

such that 1 < k u < L u for all u € {1,2, ... ,d}. 

(II) Also, for any two distinct elements, i, j € N, 

l\ l :J) = nm — exists in [U, oo). 

min{Li,L 2 ,...,L d }^oo L\ • L% • . . . ■ Ld 
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(III) Furthermore, 

n(o h 



S(X,L) _ = v vrx ) 
• L/2 ■ ■ ■ ■ ■ L 



where the "covariance operator" := (<7,y,i > l,j > 1) is symmetric, nonneg- 

ative definite, has finite trace and it is defined by 

for i j, Oij = i(cr l4 + o-jj - (3.61) 

with an and j(i,j) defined in part (I), respectively in part (II). (Recall that => 
denotes convergence in distribution and also the statement before Lemma \2.1\ ) 

Proof. The proof of the theorem will be divided in the following parts: 

Proof of (I) and (II). Since an, respectively 7(2, j) exist by Theorem 13 . 1 f l') . 

parts (I) and (II) hold. 

Proof of (III). The rest of the proof will be divided into five short steps, as 
follows: 

Step 1. Since the Hilbert space H is separable, one can consider working with the 
separable Hilbert space 1%, Let us recall that V/c G Z d , Xk = (Xki, X^2, Xk3, • • • ) 
is an ^-valued random variable with real-valued components such that 

EX kl = 0, Vz > 1 and (3.62) 

E\\X k f H <oo. (3.63) 
For any given m G N, if one considers the first m coordinates of the ^-valued 
random variable Xk, :— (Xki,Xk2, • • • , Xkm), by Theorem 13.21 we obtain: 



S 



(m) 
L 



N 



_ _ . (o m , as m in{i 1; L 2 , . . . , L d } -> oo, (3.64) 

\l L\ ■ L 2 ■ ■ ■ ■ ■ Ld v ' 

where := l<z<j<?n)is the m x m covariance matrix defined as in 

(|3.46p . Let us specify that here and below, for any given L £ N d and m € N, the 
random variable is defined by: 

Sj™^ := the sum being taken over all k :— {k\, &2, . . . , kd) <E N d 

k 

such that 1 < k u < L u for all u E {1, 2, . . . , d}. 

Step 2. Suppose m G N. Let ?( m ) := ( Y 1 (m) , F 2 (m) , . . . , ll m) ) be an R m -valued 

random vector whose distribution on (W"\TZ m ) is iV(0 m ,£( m )) ,S( ro) being the 
same covariance matrix defined in (I3.46p . By Step 1, we have that 



S 



(m) 
L 



\/L\ ■ Li ■ . . . ■ Ld 



Y (m) as min{ii, L 2 , ■ . ■ , L d } -> oo. (3.65) 



Let )j, m be the probability measure on (R m , TZ m ) of the random vector y( m ) and let 
fi m +i be the probability measure on (R m+1 ,TZ m+1 ) of the random vector y( m +!) — 
(r/ m+1 \y 2 (m+1 \...,y„ ( r +1) ,r„ ( l +t 1) ), whose distribution is 7V(0 m+1 ,S(™+ 1 )). 
One should specify that £( m+1 ) := {o~ij, 1 < i < j < m + 1) is the (m + 1) x (m + 1) 
covariance matrix defined in (|3.46l) . where the integer m in f|3 .46[) corresponds to 
m + 1 here. 
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Claim 3.1. For each m £ N, [Y} m+1) , Y 2 (m+1 \ . . . , ll" i+1) J (that is, the first m 

coordinates of the random vector y( m + 1 ) J has the same distribution as Y^ m ^ := 
fv( m ) v ( m ) v ( m )\ 

\ 1 » 2 j • • • j Im j ■ 

Proof. Since the random vector y( m + 1 ) is (multivariate) centered normal, it fol- 
lows automatically that (Y^ m+1 \ Yj" 1 ^, . . . , l^ m+1 ^ (the first m coordinates) 

is centered normal. For the two centered normal random vectors y( m ) and see 
above ^V/ m+1 \ Y^ m+1 \ . . . , Ym l+1 ^ , the m x m covariance matrices are the same 

(with the common entries being the elements an and er^ defined in Theorem 13. 2\ . 
From this observation, as well as the fact that a (multivariate) centered normal 
distribution is uniquely determined by its covariance matrix, Claim [3~T1 follows . □ 

Now, by Kolmogorov's Existence Theorem (see iBillingslev ( 19951) . Theorem 



36.2), there exists on some probability space (fi, T, P) a sequence of random vari- 
ables Y := (Yi,Yi, Y3, . . .) such that for each m > 1, the m-dimensional random 
vector (Yi,y 2 , • ■ • ,Y m ) has distribution \i m on (M. m ,lZ m ). 

Claim 3.2. Y is a centered normal ^-valued random variable. 

Proof. First of all, one should prove that Y is an /2-valued random variable, whose 
(random) norm has a finite second moment; that is, 

E\\Y\\l < co. (3.66) 

More precisely, one should check that 

00 00 

Y, EY? = <r« < 00, where <r H = Cov(Yi,Yi) = EY?. (3.67) 

i=l i=l 

Since for every i > 1, Sl,i is the sum of L\ ■ L2 ■ ■ ■ ■ ■ Ld real-valued random variables 
Xki, by an obvious analog of p.30p . followed by the definition of an, given in part 
(I) of the theorem, we obtain the following inequality: 

a a < C ■ E\Xoi\ 2 , where C is the constant defined just after (|3.30p (3.68) 

(with j > 1 fixed such that p'(X,j) < 1). Therefore, by (gjgg)) and (|3331 . 

OO CXD 

i=l i=l 

Hence, (|3.67[) holds, that is Y is an /2-valued random variable, whose (random) 
norm has a finite second moment. In order to prove that Y is a normal ^-valued 
random variable, it now suffices to show the following: 

Vm > 1 and V (ri, r 2 , . . . , r m ) £ R m , the real- valued random variable 

Tn ^ 69) 

riYi is normal (possibly degenerate). 

i=i 

In order to show (|3.69p . let m > 1 and {r\, r%, . . . , r m ) £ M. m . As we mentioned 
earlier, for each m > 1, the random vector (Y±, Y2, ■ ■ ■ , Y m ) is centered normal 
with covariance matrix E^ m \ defined in (I3.46|) . Therefore, YllLi r i^i IS a centered 
normal real random variable. Hence, Y is a centered normal ^-valued random 
variable (possibly degenerate) whose "covariance operator" is defined in (|3.61l) . 
and therefore, the proof of Claim |3~21 is complete. □ 
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Step 3. Refer now to Proposition 12.21 from Section [5J Let u £ {1,2,..., d} 
be arbitrary but fixed. Let L\ l \ L^ 2 \ . . . be an arbitrary fixed sequence of 
elements of N d such that for each n > 1, = n and — > oo as n — > oo, V 

ve{l,2,...,d}\{u}. 

Suppose m > 1. Consider the following sequence: 



By Step 1, one has the following: 

5(m) 



r («) r (™) r (") 

^1 ' ^2 ' • • • ' L d 



N 



(0 m ,£ (m) ) as oo, (3.70) 



where £( m ) is the m x m covariance matrix defined in p.46[) . 

Step 4. Let V denote the family of distributions of the ^-valued random vari- 
ables Sl/VLi ■ L2 ■ ■ ■ ■ ■ Ld, L £ N d . By Lemma [2.11 in order to show that V is 
tight, one should show that 

lim sup E ( V / - = ,eA ) = 0, (3.71) 

as well as the fact that for N = 1 the supremum in (|3 . Tl[) is finite. 

Let TV > 1 and L £ W l . Then using p.60[) . followed by an obvious analog of 
(13.301) . we obtain the following: 

Q \ 2\ -.00 00 

lT j r >«) )= 1 --r 1 r E^l^ c E^I 2 - 

VL!-L 2 - ...-L d / J L 1 -L 2 -...-L d ^ ^ 

Since SUXqII^ < 00, one has that 




lim V E\X 0i \ 2 = 0. (3.72) 



i=N 



Also by (|3.59l) . for TV = 1 the sum in (|3.T2[) is finite. Hence (|3.71[) holds, and as a 
consequence, V is tight. Moreover, V is tight along the sequence L^ 2 \ L^ 3 \ • • • , 

hence the family of distributions js (X, L^) / \J L { ( l) ■ L { 2 n) • ... -i^j is tight. As 



a consequence, the sequence S (X, Z>)) /y L { " } ■ L ( 2 n) ■ . . . ■ L [ d n) contains a weakly 
convergent subsequence. 

Step 5. Let Q be an infinite set in N. Assume that as n —> 00, n £ Q, the 



sequence S (X, Z>)) j\J L[ n) ■ L { 2 n) ■ . . . ■ L ( d n) => W := {W U W 2 , W 3 , ■ • .)• 

By Step 3, (Wi, W 2 , . . . , W m ) is N (0 m , £< m )) , where £< m ) := fa, 1 < i < j < 
m) is the m x m covariance matrix defined in (13.461) . Hence, the distribution of 
the random vector (Wi, W 2 , ■ • ■ , W m ) is the same as the distribution of y' m ',Vm. 
Thus the distributions of W and Y are identical. Therefore, 

S(X,LW) 



T (n) T (n) T (n) 



Fasn-> 00, n £ Q. (3.73) 
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Hence, we obtain that the convergence in Q3.73P holds along the entire sequence of 
positive integers, and as a consequence, 
S(X L) 

-=== => Y as min{Li,£ 2 , • • -,L d }. 

\l L\ ■ Li ■ . . . • Ld 

Therefore, part (III) holds, and hence, the proof of the theorem is complete. □ 
Acknowledgment 

The result is part of the author's Ph.D. thesis at Indiana University (Blooming- 
ton). The author thanks her advisor, Professor Richard Bradley, to whom she is 
greatly indebted for his advice and support not only in this work but also during 
the graduate years at Indiana University. 

References 

P. Billingsley. Probability and Measure, 3rd ed., Wiley, New- York (1995). 
P. Billingsley. Convergence of Probability Measures, 2nd ed., Wiley, New- York 
(1999). 

R. C. Bradley. Introduction to Strong Mixing Conditions, volumes 1, 2, 3, Kendrick 
Press, Heber City, Utah (2007). 

R. C. Bradley. On the spectral density and asymptotic normality of weakly depen- 
dent random helds, J. Theor. Probab. 5, 355-373 (1992). 

J. Dedecker and F. Merlevede. Necessary and suffcient conditions for the conditional 
central limit theorem, Ann. Probab. 30 1044-1081(2002). 

R. G. Laha and V. K. Rohatgi. Probability Theory, Wiley (1979). 

V. V. Mal'tsev and E. I. Ostrovskii. Central limit theorem for strictly stationary 
processes in Hubert space, Theor. Probab. Appl. 27, 357-359 (1982). 

F. Merlevede. On the central limit theorem and its weak invariance principle for 
strongly mixing sequences with values in a Hilbert space via martingale approx- 
imation, J. Theor. Probab. 16, 625-653 (2003). 

F. Merlevede, M. Peligrad, and S. Utev. Sharp conditions for the central limit 
theorem of linear processes in a Hilbert space, J. Theor. Probab. 10, 681-693 
(1997). 

C. Miller. Three theorems on p*-mixing random fields, J. Theor. Probab. 7, 867-882 
(1994). 

C. Miller. A central limit theorem for the periodograms of a p*-mixing random 

field, Stochastic Process. Appl. 60, 313-330 (1995). 
W. Rudin. Principles of Mathematical Analysis, 2nd ed., McGraw-Hill, New York 

(1974). 



